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The 4d YM partition function can be identically rewritten with the help of an additional

Gaussian integration over dual field strength variables [Deser and Teitelboim (1976); Halpern

(1977)]. This is called “the 1st order formalism”.

Z4d =

∫

DAµ exp

∫

d4x

(

−
1

2g2
4

Tr FµνFµν

)

[ Fµν = ∂µAν − ∂νAµ − i[AµAν] ]

=

∫

DAµ DBµν exp

∫

d4x

(

−
g2

4

2
Tr BµνBµν +

i

2
ǫαβµν Tr BαβFµν

)

.

Both terms are invariant under (N2−1)-function gauge transformation (in SU(N) )

{

δAµ = [Dµ α],

δBµν = [Bµν α]
, Dµ = ∂µ − iAµ, [DµDν] = −iFµν.

Owing to the Bianchi identity, ǫµνρσ [DνFρσ] = 0, the second (mixed) term is in addition
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invariant under the 4(N2 − 1)-function ‘dual’ gauge transformation,

{

δAµ = 0,

δBµν = [Dµβν] − [Dνβµ].

Taking a particular combination of the functions α, βµ

α = −vµAµ, βµ = −vλBλµ,

leads to the 4-function transformation

δBµν = Bλν ∂µv
λ
+ Bµλ ∂νv

λ
+ ∂λBµν v

λ
,

being the known variation of a (covariant) tensor under infinitesimal general coordinate

transformation, xµ → xµ + vµ(x), also called the diffeomorphism. Therefore, the ‘mixed’

term is diffeomorphism-invariant, and for the SO(4) gauge group is known as BF gravity.

One can now perform the Gaussian integration over Aµ [Halpern (1977), Ganor and

Sonnenschein (1996)]: the ‘mixed’ term must be invariant under 4(N2 − 1) local

transformations out of which 4 are diffeomorphisms.
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“More general relativity”

In 4d the dual field strength is an antisymmetric tensor, not a vector, so to construct the

metric tensor one has to be more industrious. We present the dual field strength in SU(2):

(18 − 3) Ba
µν = da

i T i
µν = da

i ηi
AB eA

µ eB
ν , ηi

AB is the ‘tHooft symbol

(10) gµν =
ǫαβρσ ǫabc

12
√

g
Ba

µαBb
ρσBc

βν
d
= eA

µ eA
ν ,

(5) hij = d
a
i d

a
j , det h = 1.

There are 16 dof’s in the tetrad eA
µ , however three rotations under one of the SO(3)

subgroups of the SO(4) Lorentz group does not enter at all into T i
µν, while rotations from

the second SO(3) can be absorbed into the rotations of da
i and hence into hij. Therefore,

the antisymmetric tensor T i
µν carries 10 dof’s, as does gµν. hij carries 5 dof’s. Hence,

there are 10+5=15 gauge invariant variables, as it should be.

After integrating out Aµ from the 1st-order partition function and expressing the result

through T and h one obtains the 4d YM partition function in terms of gauge-invariant

variables [D.D. and Petrov (2001)]
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The saddle-point eqn. for Āµ:

0 = ǫ
λµαβ

D
ab
µ (Ā) B

b
αβ = ǫ

λµαβ
D

ab
µ (Ā)

(

d
b
i T

i
αβ

)

= ǫλµαβ
((

Dab
µ db

i

)

T i
αβ + da

i

(

∂µT i
αβ

))

= da
j (∇µ)

j
i

(

T i
αβ ǫλµαβ

)

,

D
ab
µ d

b
i

d
= d

a
j(γµ)

j
i is the “minor” Christoffel symbol

(∇µ)
j
i

d
= δj

i ∂µ + (γµ)
j
i is the “minor” covariant derivative.

The Christoffel symbol (γµ)
j
i can be found explicitly through T, h from the condition that

T i
µν and hij are “covariantly constant”:

0 = hij; µ
d
= ∂µ hij − (γµ)

k
i hkj − hik(γµ)

k
j ,

0 = Tκλ; µ + Tλµ; κ + Tµκ; λ.

Explicitly,

γj
µi = 1

2 hjn(∂µhni + ǫnik Sk
µ),

S
k
µ = T

k
νβT

l
µαg

αβ

(

hlm∂λT
mλν

+
1

2g
T

mλν
∂λ(ghlm)

)

.
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The commutator of covariant derivatives is the ‘minor’ Riemann tensor

R
j
i µν

d
= [∇µ ∇ν]

j
i

= ∂µγ
j
νi − ∂νγ

j
µi + γ

j
µkγ

k
νi − γ

j
νkγ

k
µi.

To find the YM field strength at the saddle point Fµν(Ā) consider the double commutator

of the YM covariant derivatives,

[Dµ[Dνdi]] = [Dµ, γj
νidj] = dj(∂µγj

νi + γj
µkγ

k
νi),

and subtract the same commutator with (µ ↔ ν) interchanged:

[Dµ[Dνdi]] − [Dν[Dµdi]] = −[di[DµDν]]

= i[di Fµν(Ā)] = dj Rj
i µν.

The YM field strength at the saddle point F̄µν is proportional to the Riemann tensor:

F a
µν(Ā) = 1

2 ǫabc dbi dc
j Rj

i µν .

Diakonov, Graz-10, L-3 dual variables



The 4d YM partition function is, in terms of gauge invariant variables hij and T i
µν:

Z4d =

∫

DhDT eÆ+BF ,

Æ = −
g2

4

4

∫

d
4
x T

i
µν hij T

j
µν, (the “æther” term)

BF =
i

4

∫

d
4
x
√

g R
j
i µν h

im
T

k µν
ǫjkm (the “Einstein − Hilbert” term).

BF is invariant under a 12-function local transformation, induced by the invariance under

dual gauge transformations. Four of these local transformations are diffeomorphisms.

Another possible term invariant under 12-function transformations, is the generalization

of the cosmological term

CT =

∫

d4x Tr h
√

g

In the particular case when hij = δij the BF action reduces (!) to the standard Einstein–

Hilbert action
√

gR, where R is the usual scalar curvature made of gµν whereas the

“cosmological term” becomes the standard one.
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Gauge-invariant perturbation theory

0th order in the coupling g2
4 requests the curvature of the dual space to be zero, Rj

i µν = 0

It implies that the ‘minor’ Christoffel symbol γi
µj is a “pure gauge”,

γ
i
µj =

(

O
−1
)i

k
∂µO

k
j , det O 6= 0.

Indeed, in this case the Riemann tensor is zero:

(∇µ)
i
j cj = ∂µci + γi

µjc
j =

(

O−1
)i

k
∂µ

(

Ok
j cj
)

;

R
i
j µνc

j
=

[

(∇µ)
i
k (∇ν)

k
j − (µ ↔ ν)

]

c
j

=
(

O−1
)i

l
∂µ∂ν

(

Ol
jc

j
)

− (µ ↔ ν) = 0

for any vector cj, therefore, Ri
j µν = 0.

We get

0 = hik; µ = ∂µ

[(

O−1
)p

l
hpq

(

O−1
)q

m

]

Om
i Ol

k
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meaning that hpq = Oi
pO

j
q Dij where Dij is a constant matrix. Next, we obtain

∂κ

(

Ok
j T j

λµ

)

+ ∂λ

(

Ok
j T j

µκ

)

+ ∂µ

(

Ok
j T j

κλ

)

= 0,

whose general solution is Ok
j T j

κλ = ∂κbk
λ − ∂λbk

κ where bk
λ may be called the dual gauge

potential. The ‘æther’ term in the action (Æ ) is then

B
a
µνB

a
µν = hpqT

p
µνT

q
µν = Dij(O

i
pT

p
µν)(O

j
qT

q
µν)

= Dij

(

∂µb
i
ν − ∂νb

i
µ

)(

∂µb
j
ν − ∂νb

j
µ

)

.

Dij is a constant matrix and can be set to be δij by a linear transformation of the three

vector fields bi
µ; therefore, The ‘æther’ term becomes then

Æ →
∫

d
4
x(∂µb

i
ν − ∂νb

i
µ)

2
, i = 1, 2, 3,

describing three free massless dual gluons, as it should be.
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12-function local transformations

The BF part of the YM action is invariant under transformations with 12 functions zi
µ(x).

This broad invariance follows from the invariance of the BF action under dual gauge

transformations. In the infinitesimal form the 12 transformations read

δp
i
µν = (∇µ)

i
j δz

j
ν − (∇ν)

i
j δz

j
µ, δQ

k
i =

1

4

(

δ
l
iδ

k
m −

1

3
δ

k
i δ

l
m

)

δp
l
αβ T

m αβ
,

δT
k
µν = δp

k
µν − δQ

k
i T

i
µν ,

δhij = δQ
k
i hkj + hik δQ

k
j δQ

i
i = 0

δgµν =
1

2

(

gµβpi
αν + gβνpi

αµ −
1

3
gµνp

i
αβ

)

T i αβ .

Corollary

The generalization of the cosmological term CT =
∫

d4x
√

g Tr h is an invariant of the

12-function transformation, too!

Question

What are other 12-function invariants, if any?
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Variations above are in fact variational equations integrating which one obtains the

transformations of T, h, gµν, Rj
i µν... for finite functions zi

µ(x).

[Example: the variational equation for the diffeomorphisms is

δgµν(x, v(x)) = gλν∂µδv
λ
+ gµλ∂νδv

λ
+ ∂λgµν δv

λ

whose solution is gµν(x, v(x)) = gαβ(w) ∂µwα ∂νwβ, wµ(x) = xµ + vµ(x).]

In the particular case when zi
µ(x) = −T i

µν vν the 12 transformations reduce to 4 general

coordinate transformations (or diffeomorphisms) parametrized by the vector vν:

hij(x) → hij(w), wµ(x) = xµ + vµ(x),

gµν(x) → gαβ(w) ∂µwα ∂νwβ , . . .

Big questions

We have actually found a new gauge principle: an invariance under 4 · dim(G) local

transformations. Diffeomorphisms are their small subset.

• How to write those transformations in a finite form?

• What is their geometrical meaning?

• Can this symmetry be broken spontaneously (like in the Higgs effect)?
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Gauge invariant saddle point: the de Sitter space

We look for the saddle point of the full action, “æther” + “Einstein-Hilbert”, in the

simplest form:

hij = δij, gµν = Φ(x2)δµν .

Φ is readily found from the saddle-point equation:

Φ(x) =
4i

g2
4

ρ2

(x2 + ρ2)2
=⇒ R = ig2

4 =⇒ Action =
8π2

g2
4

.

Actually it is the BPST instanton in disguise. The usual YM instanton corresponds to the

dual space of constant imaginary curvature S4 !

Small fluctuations about the saddle point

The BF action is invariant under the 12-function transformations zi
µ(x) but the Æterm is

not. In the quadratic order in zi
µ(x) it transforms to

Æ + BF → −
8π2

g2
4

+ 1
2

∫

d
4
x z

i
µ hik

(

δµν(∇2
)
k
j − (∇µ∇ν)

k
j + 2R

k
j µν

)

z
j
ν + O(z

3
).
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The determinant of the quadratic operator becomes, after proper normalization to flat

space and dimensional regularization,

log det
−1

2
norm,reg(−δµν∇2 + ∇µ∇ν − 2Rµν) =

11

3

(M2)ǫ

ǫ
,

where “11/3” is the correct 1-loop renormalization of the SU(2) YM theory!

Large fluctuations about the saddle point

Let us freeze all zi
µ’s except four general coordinate transformations (diffeomorphisms)

wα(x). The fluctuation of the æther term in the direction of the diffeomorphisms is known

exactly in all orders in wα(x):

4d : Æ =
4

g2
4

∫

d
4
x ρ

4 ∂µwα∂µwα∂νwβ∂νwβ − ∂µwα∂νw
α∂µwβ∂νw

β

(w2 + ρ2)4

=
1

4g2
4

∫

d4x
(

∂µnA∂µnA∂νnB∂νnB − ∂µnA∂νn
A∂µnB∂νn

B
)

,

n
1,2,3,4

=
2w1,2,3,4 ρ

ρ2 + w2
, n

5
=

ρ2 − w2

ρ2 + w2
,

5
∑

A=1

n
A
n

A
= 1.

At wα(x) = xα it becomes the standard instanton: 12ρ4/(x2 + ρ2)4.

At w(x) = x, w4 = −x4 it becomes the standard anti-instanton. In general, wα(x)
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corresponding to winding number Nw gives a configuration with topological charge Nw.

It is similar to the 2d O(3)-sigma model

2d :
1

f

∫

d
2
x ρ

2 ∂µwα∂µwα

(w2 + ρ2)2
=

1

4f

∫

d
2
x ∂µn

A
∂µn

A
,

n1,2 =
2w1,2 ρ

ρ2 + w2
, n3 =

ρ2 − w2

ρ2 + w2
,

3
∑

A=1

nAnA = 1.

The fate of the σ-model in the non-perturbative regime is the spontaneous generation of

mass for three fields nA. For a general O(n) σ-model one writes (A=1...n)

∫

Dλ DnA exp

[

−
1

4f

∫

d2x
(

∂µnA∂µnA + λ(nAnA − 1)
)

]

.

The average Lagrange multiplier λ is found from the saddle point, justified at large n:

0 =
∂

∂λ

[

−
n

2

∫

d2p

(2π)2
ln(p

2
+ λ) +

λ

4f

]

=⇒
2π

f
= (n + O(1)) ln

M2

λ
.

The exact asymptotic freedom coefficient is in fact n−2; λ̄ = M2 exp
(

− 2π
(n−2)f

)

.
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A mass gap for dual gluons?

Similarly, in the 4d lagrangian for the diffeomorphisms of the æther term, five fields nA(x)

generate a mass; in the limit 5 = n → ∞ it can be seen from the Lagrange multiplier

developing a nonzero v.e.v. We find the mass m of the nA field

8π2

g2
4

=
2n

3
ln

M2

m2

∣

∣

∣

∣

∣

n=5

=
10

3
ln

M2

m2
, instead of

11

3
, a 10% error.

m
2
= M

2
exp

(

−
8π2

10
3 g2

4

)

.

We know already that the difference is corrected by taking into account the fluctuations in

the non-diffeomorphism directions of the general zi
µ.

nA spontaneously obtaining a mass means dual gluons get a mass (through dimensional

transmutation), which is usually considered to be necessary for the confinement.
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Renormalizable gravity?

BF =
i

4

∫

d4x
√

g Rj
i µν him T k µν ǫjkm

(

=
i

2

∫

d4x ǫαβµν Tr BαβFµν

)

.

This is an analogue of the Einstein–Hilbert action, but thanks to additional 5 scalar fields

hij it is invariant under 12-function local transformations, four of which are general

coordinate transformations or diffeomorphisms.

Another possible term invariant under 12-function transformations, is the generalization of

the cosmological term

CT = Λ

∫

d
4
x
√

g Tr h

(

= Λ

∫

d
4
x ǫ

κλµν
Tr BκλBµν

)

.

Integrating out Bµν (the integral is Gaussian) we get

Z =

∫

DAa
µ exp

(

i

∫

d4x ǫκλµν F a
κλ

(

1

Λ

)

F a
µν

)

This is the “θ-term”, and clearly shows that the theory is renormalizable!

In the particular case when hij = δij the BF action reduces (!) to the standard Einstein–

Hilbert action
√

gR, where R is the usual scalar curvature made of gµν, whereas the
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“cosmological term” becomes the standard one!

i

4

∫

d
4
x
√

g R
j
i µν h

im
T

k µν
ǫjkm

hij→δij→
i

2

∫

d
4
x
√

g R

Λ

∫

d
4
x
√

g Tr h
hij→δij→ Λ

∫

d
4
x
√

g.

How to “squeeze” 5 extra fields to be hij = δij ? One way to do it – by integrating over

5 auxiliary fields λab, λab = λba, λaa = 0:

∫

Dλab exp

(

i

∫

d4x ǫκλµν Ba
κλBb

µν λab

)

= δ (hij − δij) .

This action is also invariant under 12-function dual gauge transformations, provided the

transformation of λab is appropriately chosen.

One can make this symmetry breaking “soft” by adding a smearing

H

∫

d4x
√

g Tr λ2 .

Taking the (Gaussian) integral over Bµν one can represent the standard quantum gravity
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as

Z =

∫

DA
a
µ Dλ

ab
exp

(

i

∫

d
4
x ǫ

κλµν
F

a
κλ

(

1

Λ + λ

)ab

F
b
µν

)

Λ is the

cosmological constant

I think this theory is also renormalizable.
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Some CONCLUSIONS

1. One can rewrite the quantum YM theory exactly in terms of local gauge-invariant

variables. In 3d SU(2) these are the six external coordinates X1,2,3,4,5,6(x) describing

the embedding of the curved dual space into flat space.

2. We have rewritten the 4d BF theory in a basis-independent way. The action is “R
√

g ”

(also “
√

g ”) but invariant under 12 local transformations, 4 of which are diffeomorphisms.

The geometrical meaning of the other 8 is still unclear.

3. The physical meaning of the 12 functions: they describe dual gluons, in a gauge-invariant

fashion. We reproduce the 11/3 of the YM theory from integrating over these 12 local

transformations.

4. Plausibly, the non-perturbative YM vacuum corresponds to a dual space of constant

curvature, and dual gluons spontaneously obtain a mass from the Lagrange multiplier

(forcing the fields to lie on a sphere) getting a vacuum expectation value.

5. A global scenario: Start from a renormalizable (BF+CT+...) theory based on some

large Lie group. Part of the symmetries are spontaneously broken by an “æther” term =⇒
this part is the Standard Model. Another part is spontaneously broken by < hij >= δij

=⇒ this part is the Standard Gravity. Æ, BF .
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