4d Yang—Mills theory

in terms of gauge invariant dual variables

a) duality transformation
b) gauge invariant variables
c) perturbation theory

d) “more general relativity”
e) the &

Speculations:

a) Gauge-invariant mass generation for dual gluons?

b) Renormalizable gravity? Grand Unification?
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The 4d YM partition function can be identically rewritten with the help of an additional
Gaussian integration over dual field strength variables [Deser and Teitelboim (1976); Halpern
(1977)]. This is called “the 1°* order formalism"”.
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Both terms are invariant under (N2 —1)-function gauge transformation (in SU(N) )
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Owing to the Bianchi identity, ¢""?? [D, F,,| = 0, the second (mixed) term is in addition
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invariant under the 4(N? — 1)-function ‘dual’ gauge transformation,

{ 5A, = 0,
0B, [DpBu] — [DuBu]-

Taking a particular combination of the functions «, 3,
_ p _ A
a=—v"A, B, = —v " By,,
leads to the 4-function transformation
5 . A A A
B,, = B auv + B o,V —|—8>\B,W’U ,

being the known variation of a (covariant) tensor under infinitesimal general coordinate
transformation, " — x" 4+ v*(x), also called the diffeomorphism. Therefore, the ‘mixed’
term is diffeomorphism-invariant, and for the SO(4) gauge group is known as BF gravity.

One can now perform the Gaussian integration over A, [Halpern (1977), Ganor and
Sonnenschein (1996)]: the ‘mixed’ term must be invariant under 4(N? — 1) local
transformations out of which 4 are diffeomorphisms.
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“More general relativity”

In 4d the dual field strength is an antisymmetric tensor, not a vector, so to construct the
metric tensor one has to be more industrious. We present the dual field strength in SU(2):

(18 -3) B,, = dj T;V = d'n'\ eﬁ e n'. is the ‘t Hooft symbol
afBpo
€ €abc a b e da A A
(10) g = 12,/g BuaBpoBBu —  CuCus
(5) hij = d? d?, deth = 1.

There are 16 dof's in the tetrad e;‘, however three rotations under one of the SO(3)

subgroups of the SO(4) Lorentz group does not enter at all into TZW, while rotations from
the second SO(3) can be absorbed into the rotations of d; and hence into h;;. Therefore,
the antisymmetric tensor T;;V carries 10 dof's, as does g,,,. h;; carries b dof’s. Hence,

there are 10+5=15 gauge invariant variables, as it should be.

After integrating out A, from the 1%*-order partition function and expressing the result
through 1" and h one obtains the 4d YM partition function in terms of gauge-invariant
variables [D.D. and Petrov (2001)]
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The saddle-point eqn. for A,:
. ApafB ~ab, x b Apaf ab, g b i
0 = MDpU(A) B, =M DU(A) (diTaﬁ)

VT ( ( De’ d?) T, + d (C%T; B)) = df (V)] (Ta 3 eAuaﬁ) ,

Dd} £ di(v,)! isthe “minor” Christoffel symbol

(V! = 80,4+ (7)) is the “minor” covariant derivative.

The Christoffel symbol (fyu)g can be found explicitly through T°, h from the condition that
T;;V and h;; are “covariantly constant”:

0 = hiju=0yuhij — (V)i hg — hae()"
0 = Tixpu+ TDhpr+ Tk r
Explicitly,
Yoo = 3" (Ouhni + €nir S,),
Sy = TT,.9" <hlm8ATmA”+% meﬁ,\(ghlm)) .
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The commutator of covariant derivatives is the ‘minor’ Riemann tensor

= Oy, — 8u’)’iw- + ’Yzbk’)’m - 'Y;J/k')’m-

To find the YM field strength at the saddle point F),,(A) consider the double commutator
of the YM covariant derivatives,

[DulDydi]] = [Dy, 'Yiv;dj] = dj(au’Y}zv; + ’YZk’Yfz‘)a
and subtract the same commutator with (u <> 1) interchanged:

[Du[Dvdi” - [Dv{pudi” — _[di[DuDV”
= ild; Fu(A)] = d; R, ,.

The YM field strength at the saddle point F‘W Is proportional to the Riemann tensor:
E,,(A) =

1 _abc 3bi 43¢ pj
s€ d de’éW‘
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The 4d YM partition function is, in terms of gauge invariant variables h;; and T/iv:

zi = /DhDT e BT
E = —f d*z T, hi;T,,, (the “sether” term)
BF = 1 / d*z Vg RJ,L-W X €jkm, (the “Einstein — Hilbert” term).

BF is invariant under a 12-function local transformation, induced by the invariance under
dual gauge transformations. Four of these local transformations are diffeomorphisms.

Another possible term invariant under 12-function transformations, is the generalization
of the cosmological term

CT :/d4xTr h+/g

In the particular case when h;; = §;; the BF action reduces (!) to the standard Einstein—
Hilbert action ,/gR, where R is the usual scalar curvature made of g,, whereas the
“cosmological term” becomes the standard one.
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Gauge-invariant perturbation theory

0'" order in the coupling g2 requests the curvature of the dual space to be zero, ijy =0
It implies that the ‘minor’ Christoffel symbol 'yfm- is a “pure gauge”,

i (o A=1\" k
1= (07") 8,05, detO #o0.
Indeed, in this case the Riemann tensor is zero:

(Vi);e = Ouc’ 47,0 = <O_1)i 2 (05¢)

k j
R, = |[(V), (V) —(p—v)|d
j,ch — |: ©w)k v)j M
B “1\° AN _
= <O )l 0,0, <Ojc ) (p—rv)=0
for any vector ¢’ therefore, Rij = 0.

We get
0=hiu="0,(07") hy (07) ] OF0}
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meaning that h,, = O;Og D;; where D;; is a constant matrix. Next, we obtain
0. (O)T4,) + 0 (O4T5, ) + 0, (O)T2,) =0,

whose general solution is O;-“T,zA = 8,€b§ — 8,\bﬁ where b’; may be called the dual gauge
potential. The ‘aether’ term in the action (&) is then

a pa Pmd _ . (OTP J g
BuuBul/ T h’quuuTuu _ Dz](OpTuy)(Ounu)

= Dy <8Mbi - aybz) (aﬂbf; - aybi).

D;; is a constant matrix and can be set to be d;; by a linear transformation of the three
vector fields b;; therefore, The ‘aether’ term becomes then

E — /d‘lx(aub’; —9,b')%, i=1,2,3,

m

describing three free massless dual gluons, as it should be.

Diakonov, Graz-10, L-3 dual variables



12-function local transformations

The BF part of the YM action is invariant under transformations with 12 functions zz(ac)
This broad invariance follows from the invariance of the BF action under dual gauge
transformations. In the infinitesimal form the 12 transformations read

. S o 1 1

i . 7 J 7 J k l ¢k k¢l l maf
0D, = (Vu)j 0z, — (Vy)j 6z, 0Q,; = 1 (51'6771 — 55,6- 5m> 0pos T :
5Ty, = 6py, —0QIT,,,
Shij = 0Q; hij + hix 5Q§ 5Q; =0

1 i i 1 i iofB
0w = 5 \IuBPay T 9pvPay = Z9mPas| T -
Corollary

The generalization of the cosmological term CI' = fd4:c /g Tr h is an invariant of the
12-function transformation, too!

Question

What are other 12-function invariants, if any?
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Variations above are in fact variational equations integrating which one obtains the
transformations of T, h, g,.,, R} ... for finite functions z,(x).

A

[Example: the variational equation for the diffeomorphisms is

609, (z,v(x)) = g>\y(9u5v>‘ + gM@,/cSU)‘ + O\Guv Sv”
whose solution is g, (z, v(x)) = gas(w) O w® d,w”, wh(x) = x* + v¥(x).]

In the particular case when zz(x) = —T;V v” the 12 transformations reduce to 4 general
coordinate transformations (or diffeomorphisms) parametrized by the vector v":

hij(z) —  hi(w), w'(x) = " + 0" (),
guu(m) — gaﬁ(w) auwa ay’wﬁ ;

Big questions

We have actually found a new gauge principle: an invariance under 4 - dim(G) local
transformations. Diffeomorphisms are their small subset.

e How to write those transformations in a finite form?
e What is their geometrical meaning?

e Can this symmetry be broken spontaneously (like in the Higgs effect)?
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Gauge invariant saddle point: the de Sitter space

We look for the saddle point of the full action, “ather” + “Einstein-Hilbert”, in the
simplest form:

h,ij = 51']', Juv = (I)(QZ2)6W/ .
® is readily found from the saddle-point equation:

44 2 872
P g° =—> Action = — -
ga

Actually it is the BPST instanton in disguise. The usual YM instanton corresponds to the
dual space of constant imaginary curvature S* |

Small fluctuations about the saddle point

The BF action is invariant under the 12-function transformations zZ(ac) but the AEterm is
not. In the quadratic order in zz(x) it transforms to

87 1 4 i 2\ k k k j 3
B+ BF — ———+35 [dxz,hig(0,(V); —(VuV.); +2R; )z, + O(z").

J uv
g,
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The determinant of the quadratic operator becomes, after proper normalization to flat
space and dimensional regularization,

1 11 M2 €
].Og detno%m,reg(_éuyv2 —+ vﬂvl/ — 2Rlﬂ/) — 3 ( )

’
€

where “11/3" is the correct 1-loop renormalization of the SU(2) YM theory!

Large fluctuations about the saddle point

Let us freeze all zi’s except four general coordinate transformations (diffeomorphisms)

w(x). The fluctuation of the a&ether term in the direction of the diffeomorphisms is known
exactly in all orders in w®(x):

id " 4 /d4 4 8uwa8uwaaywﬁayw5 — auwaaywaauwﬁaywﬁ
: = — x
93 " (w? + p?)*
1
— 1 d*z (aunAaunAaynBaynB — aunAaynAaunBa,,nB> :
g,
5
1,2,34 2w % p 5 p° — w’ AA
n R n_—p2—|—w2’ n'"n" =1.
A=1

At w*(x) = x“ it becomes the standard instanton: 12p*/(x? + p?)*.
At w(z) = x, w* = —a* it becomes the standard anti-instanton. In general, w®(z)
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corresponding to winding number N,, gives a configuration with topological charge IV,,.

It is similar to the 2d O(3)-sigma model

1 o, w0, w” 1
w? + p
2w"? p PLE 3
1,2 3 A A
nt=o o ni=——, ) n'nf =1
P +w P +w A=1

The fate of the o-model in the non-perturbative regime is the spontaneous generation of
mass for three fields n*. For a general O(n) o-model one writes (A=1...n)

1
/D)\ Dn® exp [—4— d’x ((%nA(?MnA + A(nn? — 1))] :

f
The average Lagrange multiplier A is found from the saddle point, justified at large n:
0 n [ d*p 9 A 27 M?
0= —|—— 1 A — — — = O(1)) In—.
w[ > | oy 0 >+4f] = (n+0() In=

The exact asymptotic freedom coefficient is in fact n—2; A = M? exp <—(ni—7;>f)
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A mass gap for dual gluons?

Similarly, in the 4d lagrangian for the diffeomorphisms of the aether term, five fields 7 (z)
generate a mass; in the limit 5 = n — oo it can be seen from the Lagrange multiplier
developing a nonzero v.e.v. We find the mass m of the n* field

8n®  2n M~ 10 . M-? ,
5 = In — In : instead of — , a 10% error.
gi 3 m? .3 m? 3

We know already that the difference is corrected by taking into account the fluctuations in

the non-diffeomorphism directions of the general zL

n spontaneously obtaining a mass means dual gluons get a mass (through dimensional
transmutation), which is usually considered to be necessary for the confinement.
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Renormalizable gravity?

BF = i / d'z /g R, K" T €jm <: % / d'z " Tr BaﬁFW> .

This is an analogue of the Einstein—Hilbert action, but thanks to additional 5 scalar fields
hi; it is invariant under 12-function local transformations, four of which are general
coordinate transformations or diffeomorphisms.

Another possible term invariant under 12-function transformations, is the generalization of
the cosmological term

CT = A/d4a: Vg Trh (: A/d% "M Ty BMBW) .
Integrating out B, (the integral is Gaussian) we get

1
Z = / DAY, exp (z / d'z M R <K> F:’V)

This is the “0-term”, and clearly shows that the theory is renormalizable!

In the particular case when h;; = §;; the BF action reduces (!) to the standard Einstein—
Hilbert action \/§R, where R is the usual scalar curvature made of g,,, whereas the
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“cosmological term” becomes the standard onel!

A/d4x\/§Trh Y A/d4x\/§.

How to “squeeze” 5 extra fields to be h;; = d;; ? One way to do it — by integrating over
5 auxiliary fields A%°, X% = \P@ )9 = (;

/D)\ab exp (i/d4:c ALY BZABfw )\ab> = 0 (hij — 0;;5) -

This action is also invariant under 12-function dual gauge transformations, provided the
transformation of A% is appropriately chosen.

One can make this symmetry breaking “soft” by adding a smearing
H /d4ac Vg 'Tr 27
Taking the (Gaussian) integral over B,,,, one can represent the standard quantum gravity
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as

a ab 4 KAV 1a 1 “ b A is the
Z:/DAMD)\ exp i/dwe "R F .
FAAA A+ A p cosmological constant

| think this theory is also renormalizable.
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Some CONCLUSIONS

1. One can rewrite the quantum YM theory exactly in terms of local gauge-invariant
variables. In 3d SU(2) these are the six external coordinates X %3456 () describing
the embedding of the curved dual space into flat space.

2. We have rewritten the 4d BF theory in a basis-independent way. The actionis “"R,/g"
(also “y/g") but invariant under 12 local transformations, 4 of which are diffeomorphisms.
The geometrical meaning of the other 8 is still unclear.

3. The physical meaning of the 12 functions: they describe dual gluons, in a gauge-invariant
fashion. We reproduce the 11/3 of the YM theory from integrating over these 12 local
transformations.

4. Plausibly, the non-perturbative YM vacuum corresponds to a dual space of constant
curvature, and dual gluons spontaneously obtain a mass from the Lagrange multiplier
(forcing the fields to lie on a sphere) getting a vacuum expectation value.

5. A global scenario: Start from a renormalizable (BF+CT+...) theory based on some
large Lie group. Part of the symmetries are spontaneously broken by an “ather” term —
this part is the Standard Model. Another part is spontaneously broken by < h;; >= 9,
—> this part is the Standard Gravity. A&, BF .

Diakonov, Graz-10, L-3 dual variables



