Integration measure over the group, or over the group parameters (angles)

Invariant integration measure (called Haar measure) on a group is such that a change
of variables (angles) caused by a group multiplication, does not change the measure.

For example, in flat space the measure dV = dx dy dz is invariant under the group
of translations, since d(x+a) d(y+b) d(z+c) = dx dy dz.

One has do find an analogous mesure in terms of angles, such that
dadBdyf(a,B,y)=da’ dB’ dy f(a’,5',7)

where .8,y is the parameterization of U, and o/, 8, v’ is the parameterization of
U’ = VU where V is an arbitrary element of the group, or U’ = UV, or both.

In short, the left- and right-invariant Haar measure is such that
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General method of constructing invariant measures

Let g,h,k belong to some Lie group G. Then g'=hg and g’ =gk also are elements of G.
Construct the left- and right- invariant one-forms:
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where a's are d angles parameterizing the group in question, d is the dimension of the
group, or dimension of the space of group parameters. Now constructa d x d
“metric tensor”
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Therefore, the left- and right-invariant integration measure is

du= de,...de, \/det(gmn )=dea,...da) \/detg:m ) =d(VU) = duV)

since
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Let us consider a couple of examples.

SU(2), 3 parameters
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where the last column can be viewed as a 2d complex vector vo = (z', 2%) normalized as
1,2 2,2 : : 3 . .
z7|"+ |z7|” = 1, which defines an 5™ sphere. The first column is the orthogonal vector
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I-L!J- —_— E 'lFIEJI.
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The group measure can be written as an integral over the S sphere,
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or, explicitly in terms of three angles, as
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for this particular parameterization of U and show that in this particular case




SU(3), 8 parameters

We build the parametrization iteratively:

0 .
R, — Us 0 where U2 is a general
2 — ? parameterization of SU(2)
0 0 | 1
and define (S3 is a special SU(3) matrix, with only 5 parameters)
e'*23 cos 0 0 e'*23 sin 0
Us; = SaRs, S3 = —e™22ginfsings e M7 ""Bcos e €22 cosfsin ¢do
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The last column can be viewed as a 3d complex vector vz = (z', 2%, 2%) normalized to
21|24 |2%|* + |2*|? = 1, which defines an S® sphere. The three columns are constructed
as (complexified) orts in spherical coordinates: vi ~ e, v2 ~ eg, va ~ eg. We use part
of the freedom of choosing the orts and the angles in such a way that U3 = 13 when all
angles are set to zero.
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The measure on S” can be written as

2
_:Jdz'dzldfdzzdfdf§(|z‘|3+|zﬂ|2+|33|2—1) W
- _

S-sphere § . 8.¢.a.a,a,

or, explicitly in terms of five angles, as

1 :"ET- -ET- 2w 2 2
—3/ df cnsgﬁsin{?/ dgs sin ¢ cos qisgf dﬂ‘glf d&gg/ doxas (= 1)
™ Jo 0 0 0 0

The integrations limits are chosen such that the S° sphere is covered once.

The full SU(3) measure is found in the standard way: one constructs the metric tensor
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then the SU(3) measure is

\/m ~ (sin ¢ cos ¢q) - (CDSE 6 sin @ sin ¢5 cos ¢ )

i.e. it is factorized into the product of the measures over the spheres S* and S° |
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Conclusion
A general SU(3) matrix can be written through 8 “"Euler angles” parameterizing the

5% x S? spheres

H
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x Erg = f
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S-sphere & - @080 S5-sphere S~ : 8.0 0, O,

In general, SU(N) can be parameterized by N2 _1 “Euler angles” on the odd-dimensional

spheres: S” x S§° x ... x 2N -1

N
> (2n-1)=N*-1
n=2

The manifold of parameters of SU(N) is a direct product of odd-dimensional spheres,

and the invariant integration measure is a product of measures for those spheres !

(see the proof on next page)
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Proof of the factorization of the integrations measure over SU(N)

Let us start from SUB): U, (ay,...,a5)=S,(a,,...,ax)U @, )

The left one-form L =-iUJo U,=-iU]S!o S,U -iUlo U,, 0

N
" Oda,

Introduce the “left vielbein' €}, = 2Tr(Lt*)=— 2 TrU}0,Ut* - 2 TrE}0,,S;)U U })

t* are SU(3) generators:
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The first term in e;'; has only m=1,2,3 and a=1,2,3 components;
The second term has m=4,5,6,7,8 and a=1,...,8 components. Therefore the 8-bein matrix

is of the form
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The metric tensor of the group parameter space

O = 2Tr(LyL,) = 4THL %) T(L %) =86, detg,, =( det?,)

Jdetg = dee= def&e7) ddie;zy) = Jdetg(S°)/ de g(S?)

& = 2iTr(S]0,S,)U U ])= - 2iTrSP,Sf*), £ =U U},

Similarly, for any SU(N),
Integration measure over SU(N)

Jdetg(SU (N)) =/ detg(S™*)/det g(SU (N-1))
Is a product of integrations

\/detg(SU (N)) — \/ detg(SZN—l) 3 \/detg(S3) measures over odd spheres!




Explicit parameterization of SO(N)

An alternative (Euler angles) parameterization of SU(2):

1. 1.
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From a general 2 x 2 SU(2) matrix one can build a general 3 x 3 SO(3) matrix
according to the rule:

o =1Tr(u ot ab) =
2

—co98) cogy)sin(a) — coqa) sin(y) coga)cogy) — cogB)sin(a)sin(y) sin(a) sin(f)

[ co<(a) co<(B) co(y) — sin(a) sin(y)  co<(y) sin(a) + cos(a) co(B) sin(y) —cos(a)sin(,B)J
cogy) sin(B) sin( ) sin(y) cog )

The metric tensor of the group space

1 1 0 co«(p)
O, =2Tr(0,U"0,U)=>Tr(3,0'0,0)=| 0 1 o0
2 cogp) O 1

Jdetg =sing.




As in SU(N), a parameterization of SO(N) can be built iteratively: ON — SNON 1

where ON_1 is a general SO(N-1) matrix put in the left upper corner of the N x N matrix,
and Sy isa SO(N) matrix of a special type, built of orths, e.g.

( co<(x) 0 0 —sin(y) )
S — sin(@) sin( ) cog6) 0 cog ) sin(6)
4 cogd)sin(@)sin(y) -—sin(@)sin(¢) cog¢) cogh)cog y)sin(g)

\ cog0) cogp)sin(y) —cog¢)sin(@) —sin(¢) cogd)cog¢)cos y) /

Its metric is that of a 3-dim sphere (in general, (N-1)-dim sphere). Therefore, the space
of parameters of SO(N) is a direct product of spheres:

O(N) ~ SV'xSV2x.. . xS*xS?®
U(N) ~ SN SN %, xS’




